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B. TOMCZYK
Structural Mechanics

6. DISPLACEMENTS IN STATICALLY DETERMINATE STRUCTURES
In order to calculate the displacement at a specific point on a structure, the principle of virtual work for real displacements and virtual loadings will be applied.

By virtual load we shell mean an imaginary load, which is independent of real external load. This load has to be statically possible, i.e. it has to satisfy the equilibrium equations.

The principle of virtual work, under consideration, states that the external virtual work given by 
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 is an external displacement of point i on the structure caused by the real loads and 
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 is an external virtual load acting in the directions of displacement 
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 are the internal deformations of the member’s element caused by the real loads and 
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 are the internal virtual loads (i.e. virtual bending moments and virtual normal and shear forces) acting on the element in the directions of deformations 
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, respectively, and caused by an external virtual load 
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It is required that the virtual external loads and virtual internal loads, created by these virtual external loads, be related by the equations of equilibrium.

If the external displacements are known, the corresponding internal deformations are uniquely defined. Hence, the equation of virtual work represents a compatibility requirement for the structure.

This method for applying the principle of virtual work is referred to as the method of virtual forces, since a virtual force is applied resulting in the calculation of a real displacement.

Let us recall that in structural analysis we also apply the principle of virtual work as a method of virtual displacements. In this case virtual displacements are imposed on the structure subjected to real loads. This method is used to determine reactions and internal forces as well as to construct the influence lines for the static quantities, cf. Chapter 5. The equation of virtual work in this case represents an equilibrium requirement for the structure. 
Let the bar structure be subjected to the external, thermal and kinematical loadings. In order to calculate displacement 
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of a point i on the structure, the corresponding external virtual load 
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 acting in the direction of 
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 will be taken as equal to unity, i.e. 
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. Moreover, bearing in mind the well-known expressions for deformations 
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 caused by all kinds of real loadings under consideration, cf. [8, 9], the principle of virtual work for deflection problems of beams, frames and arches takes the form
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(6.1)

where 

· 
[image: image16.wmf]i

d


external displacement of point i caused by the real loads acting on the structure; the displacement can be linear or angular,
· 
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external virtual unit load 
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acting at point i on the structure in the direction of 
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internal real forces caused by the real loads,
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internal virtual forces caused by the external virtual unit load 
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settlement of kth support or displacement of kth support caused by a fabrication error,
· 
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virtual reaction of kth support in 
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-direction caused by the virtual unit load 
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coefficient of thermal expansion of member,

· 
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temperature difference across the member’s depth,

· 
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uniform temperature change (temperature at the gravity centre of the bar’s cross section,

· 
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difference in length of the pth member from its intended size as caused by a fabrication error,

· 
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internal virtual normal force in the pth member, subjected to a fabrication error, caused by the external virtual unit load 
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· E
modulus of elasticity of the material (Young’s modulus),

· I
moment of inertia of cross-sectional area, computed about the neutral axis,

· G
shear modulus of elasticity of the material,

· A
cross-sectional area of the member,

· 
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form factor which depends on the shape of the bar’s cross-sectional area; for rectangular cross section 
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· h
depth of the bar,

· m
number of supports subjected to settlement and/or fabrication errors,

· r
number of members subjected to fabrication errors.
The principle of virtual work for trusses subjected to external loadings, uniform temperature changes, fabrication errors or support settlements has the form
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(6.2)

where

· 
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external displacement of the truss joint i caused by the real loads acting on the truss,

· 
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external virtual unit load 
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acting on the truss joint i in the direction of 
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· 
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internal normal real force in the jth truss member caused by the real loads,

· 
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internal virtual normal force in the jth truss member caused by the external virtual unit load 
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length of the jth truss member,

· n
number of truss members,
· d
number of truss members subjected to uniform temperature change 
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,
· g
number of truss members subjected to fabrication errors,
· the remaining denotations are explained under the virtual-work equation (6.1).
The influence of shear and normal forces on the displacements in beams, frames and arches subjected to external loadings can be neglected as small in comparison with the effect of bending moments. Such situation takes place

(a) for beams and frames composed of members satisfying condition 
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, where h, L are respectively depth and length of the member,

(b) for arches under conditions: 
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, where 
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 are respectively depth, span and rise of the arch.

If condition 
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 doesn’t hold, then the effect of the shear forces on the displacements must be additionally taken into account. Recall that the virtual strain energy due to shear forces is given in (6.1) by term 
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If condition 
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 doesn’t hold, then the effect of the normal forces on the displacements must be additionally taken into account. Recall that the virtual strain energy due to normal forces is given in (6.1) by term 
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If frames or frame-arch structures satisfy conditions (a) and (b), given above, and are composed not only of bars having bending stiffness 
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 but also of bars having only tensile (compressive) rigidity 
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 (called strings), then the influence of normal forces in these strings on the structure displacements must be taken into account.

It is obvious, that only the effect of normal forces in the truss members on the displacements of truss joints is taken into account, cf. virtual-work equation (6.2).

For arches the variable moment of inertia 
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) can be applied, where 
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 are respectively moment of inertia and area of cross section of the arch at the crown, and 
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 is the angle between tangent to the arch at any point on it and 
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-coordinate along span of the arch. Moreover, bearing in mind that
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we arrive at the following results
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(6.3)

It means, that the integration may be taken along the span instead of round the curve of the arch. This makes it convenient to calculate the values of the above integrals.

The integrals in virtual-work equation (6.1) can be calculated graphically using the tabular method. To do so, the internal force diagrams for each member are drawn first for both the real and virtual loadings. By comparing shapes of these diagrams with those given in the Table 6.1, the integrals 
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can be determined from the appropriate formulae. Example 6.1 illustrates the application of this method.

If the value of resulting displacement of point i obtained by using (6.1) or (6.2) is positive then the sense of displacement of this point is agree with the assumed sense of the virtual unit force placed at this point in the direction of the desired displacement.

Let us consider rectilinear member i-k with length 
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, which has constant cross section with 
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 as its area and with 
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 as its moment of inertia. Denote by 
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 coordinate along axis of the member. For the arch, by 
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 and 
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 we shall mean a span of the arch, coordinate along the span, area of cross-sectional area of the arch at the crown and moment of inertia of cross section of the arch at the crown, respectively. Let us determine when the numerical values of terms occurring in equation (6.1) are positive and when they are negative:
· Integral 
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 calculated graphically is positive if both the diagrams of 
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 are on the same side of the member under consideration. It is evident, that this integral is negative if 
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 and 
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 are on the opposite sides of the member.

· Integral 
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 calculated graphically is positive if both the diagrams of 
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 and 
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 have either positive signs or negative signs. This integral is negative if the diagram of 
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 is indicated by sign being opposite to the sign on the diagram of 
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 calculated graphically is positive if both the diagrams of 
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 have either positive signs or negative signs. This integral is negative if the diagram of 
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 is indicated by sign being opposite to the sign on the diagram of 
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· Integral 
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· Integral 
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 is positive if the diagram of 
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 is on the side of member with higher temperature.

· The product 
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 represents shortening of the member under consideration (in this case we take 
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 with the minus sign). It is obvious, that this product is negative if either 
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· The product 
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In the sequel, the influence of shear and normal forces on the displacements in beams, frames and arches subjected to external loadings will be neglected as small in comparison with the effect of bending moments.

Example 6.1.

Determine the  horizontal displacement 
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 of point 
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 on the frame-arch structure shown
in Fig.6.1a. Take 
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Fig. 6.1a.
SOLUTION

The horizontal displacement 
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 of point 
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 will be obtained by placing a horizontal virtual unit force 
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 at point 
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, cf. Fig. 6.1b.

Since conditions 
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 hold, then the influence of shear and normal forces on displacement 
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 caused by external loadings (i.e. by 
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) will be neglected as small in comparison with the effect of bending moments. Hence, in the problem under consideration the principle of virtual work (6.1) reduces to the form
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(6.4)

where by 
[image: image132.wmf]s

 we have denoted both the coordinate along the axis of member A-1 and the coordinate along the span 1-B of the arch.
In the subsequent analysis, the displacement 
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 will be computed separately for each kind of loadings.

We start with determination of virtual bending moments, caused by horizontal virtual unit force applied to 
[image: image134.wmf]A

.

Virtual bending moments 
[image: image135.wmf]M

.
The structure is subjected to a horizontal virtual unit load at 
[image: image136.wmf]A

 as shown in Fig. 6.1b.
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Fig. 6.1b.
The virtual support reactions are computed first:
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After computing the virtual support reactions, the virtual bending moments are formulated as shown in Figs. 6.1c and 6.1d. In Fig. 6.1c the straight member A-1 is separated from arch 1-B and the virtual internal forces (with their correct senses) occurring at the ends of the members and derived by means of appropriate equilibrium equations are given. Using the data in Fig. 6.1c, the diagram of virtual bending moments 
[image: image139.wmf]M

 is drawn in Fig. 6.1d.
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Fig. 6.1c.
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Fig. 6.1d.
In order to use the graphical integration, the virtual bending moment diagram for the arch has been constructed  by the method of superposition, cf. Section 1.2.
We recall that in the problem under consideration the virtual normal forces in the arch will not be taken into account. We are only interested in the virtual normal force in member A-1. Diagram of this force is shown in Fig. 6.1e.
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Fig. 6.1e.

(a)

The effect of external loadings on 
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.
Now in order to calculate 
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 caused by the real external forces, the real bending moments have to be determined

Real bending moments 
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.
The support reactions are computed first, cf. Fig. 6.1f:
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Fig. 6.1f.
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After computing the support reactions, the real bending moments M are formulated as shown in Figs. 6.1g and 6.1h. In Fig. 6.1g the straight member A-1 is separated from arch 1-B and the internal real forces (with their correct senses) occurring at the ends of the members and derived by means of appropriate equilibrium equations are given. Using the data in Fig. 6.1g, the diagram of real bending moments 
[image: image148.wmf]M

 is drawn in Fig. 6.1h.
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Fig. 6.1g.
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Fig. 6.1h.
In order to use the graphical integration, the real bending moment diagram for the arch has been constructed  by the method of superposition.

Virtual-work equation.
Because of the effect of the external loadings on 
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 is taken into account only, virtual-work equation (6.4) simplifies to the form
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The integrals occurring in the above equation will be calculated graphically, using Table 6.1. Thus, bearing in mind the diagrams of virtual and real bending moments shown in Fig. 6.1d and 6.1h, respectively, and using the formulas for corresponding shapes in the table, we have


[image: image153.wmf],

8

,

680

)

(

2

24

2

3

1

1

24

2

15

2

)

2

3

1

(

24

2

12

1

2

12

4

1

12

4

3

2

2

12

4

2

1

2

18

4

3

2

1

18

4

15

8

2

18

4

3

1

2

12

4

2

1

1

12

4

3

1

2

12

4

3

1

)

2

12

2

48

2

4

48

2

4

12

(

2

6

1

)

4

6

(

2

48

2

1

)

(

)]

"

10

)(

6

(

)

"

9

)(

6

(

)

"

8

)(

6

(

)

10

)(

5

(

)

9

)(

5

(

)

8

)(

5

(

)

10

)(

4

(

)

9

)(

4

(

)

8

)(

4

(

)

10

)(

3

(

)

9

)(

3

(

)

8

)(

3

(

)

"

7

)(

2

(

)

'

7

)(

1

[(

)

(

3

1

1

1

kNm

EI

m

kNm

m

m

kNm

m

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

m

m

kNm

kNm

m

m

kNm

m

kNm

m

m

m

m

kNm

EI

ds

EI

s

H

A

-

-

-

=

ú

û

ù

×

×

-

×

×

+

+

×

+

×

+

×

×

+

×

×

-

+

×

×

-

×

×

-

×

×

+

×

×

+

+

×

×

+

×

×

-

×

×

-

×

×

+

ê

ë

é

+

×

+

×

×

+

×

+

+

×

=

-

+

+

+

-

-

+

-

+

+

+

-

-

+

=

d

ò




and finally
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We have obtained a positive value of 
[image: image155.wmf]H

A

d

. It means that the horizontal displacement of point A is agree with the sense of virtual force 
[image: image156.wmf]1

=

P

 placed at this point, cf. Fig. 6.1b.
(b)

The effect of temperature difference 
[image: image157.wmf]t
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 on 
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d

.
Now, virtual-work equation (6.4) simplifies to the form
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Integral 
[image: image160.wmf]ò
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0

 represents the area of diagram of 
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 for the arch, cf. Fig. 6.1d. We recall that this integral is positive if the diagram of 
[image: image162.wmf]M

 is on the side of member with higher temperature and evidently it is negative if the diagram of 
[image: image163.wmf]M

 is on the side of member with lower temperature. Here, the higher temperature occurs at the bottom of the arch. Hence, the virtual-work equation given above yields
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(c)

The effect of uniform temperature change 
[image: image165.wmf]0

t

 on 
[image: image166.wmf]H
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d

.
Now, virtual-work equation (6.4) simplifies to the form
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In the problem discussed here, 
[image: image168.wmf]0

0

>

t

 and 
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N

, cf. Fig. 6.1e. Hence, the virtual-work equation given above yields
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(d)

The effect of fabrication error 
[image: image171.wmf]l
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 on 
[image: image172.wmf]H
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.
Now, virtual-work equation (6.4) simplifies to the form
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We have obtained a negative value of 
[image: image174.wmf]H

A

d

. It means, that 
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 is opposite to the sense of virtual unit load 
[image: image176.wmf]1
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 applied at point A, cf. Fig. 6.1b.

(e)

The effect of support settlement 
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 on 
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.
Now, virtual-work equation (6.4) reduces to the form
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In the above example, the horizontal displacement of a specific point of the frame-arch structure was an unknown quality. Hence, in order to solve this problem using virtual-work equation (6.1), the horizontal virtual unit force had to be placed at this point. Below, some virtual unit loads corresponding to the unknown displacements are shown:

•
In order to find the angular displacement 
[image: image180.wmf]i

j

 of point i, the virtual unit couple moment is applied at point i, cf. Fig. 6.2.
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          [image: image182.jpg]Ap. =7




Fig. 6.2.





  Fig. 6.3
•
In order to determine the angle change 
[image: image183.wmf]i

j

D

 at point i, the two virtual unit couple moments having opposite senses are placed at point i, cf. Fig. 6.3.
•
In order to find the distance change 
[image: image184.wmf]ik

d

 between two points i and k, the two virtual unit forces acting along direction i-k and having opposite senses are introduced as shown in Fig. 6.4.
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        Fig. 6.4.
TABLE 6.1.
GRAPHICAL  INTEGRATION
	
	[image: image186.jpg]



	[image: image187.jpg]



	[image: image188.jpg]



	[image: image189.jpg]



	[image: image190.jpg]



	[image: image191.jpg]




	[image: image192.jpg]



	
[image: image193.wmf]sab


	
[image: image194.wmf]sab

2

1


	
[image: image195.wmf]sab

3

2


	
[image: image196.wmf]sab

3

2


	
[image: image197.wmf]sab

3

1


	
[image: image198.wmf])

(

2

1

2

1

b

b

sa

+



	[image: image199.jpg]



	
[image: image200.wmf]sab

2

1


	
[image: image201.wmf]sab

3

1


	
[image: image202.wmf]sab

3

1


	
[image: image203.wmf]sab

12

5


	
[image: image204.wmf]sab

4

1


	
[image: image205.wmf])

(

2

1

2

6

1

b

b

sa

+



	[image: image206.jpg]



	
[image: image207.wmf]sab

3

2


	
[image: image208.wmf]sab

3

1


	
[image: image209.wmf]sab

15

8


	
[image: image210.wmf]sab

15

7


	
[image: image211.wmf]sab

5

1


	
[image: image212.wmf])

(

2

1

3

1

b

b

sa

+



	[image: image213.jpg]



	
[image: image214.wmf]sab

3

2


	
[image: image215.wmf]sab

12

5


	
[image: image216.wmf]sab

15

7


	
[image: image217.wmf]sab

15

8


	
[image: image218.wmf]sab

10

3


	
[image: image219.wmf])

(

2

1

5

3

12

1

b

b

sa

+

+



	[image: image220.jpg]



	
[image: image221.wmf]sab

3

2


	
[image: image222.wmf]sab

4

1


	
[image: image223.wmf]sab

15

7


	
[image: image224.wmf]sab

30

11


	
[image: image225.wmf]sab

15

2


	
[image: image226.wmf])

(

2

1

3

5

12

1

b

b

sa

+

+



	[image: image227.jpg]



	
[image: image228.wmf]sab

2

1


	
[image: image229.wmf]sab

6

1


	
[image: image230.wmf]sab

3

1


	
[image: image231.wmf]sab

4

1


	
[image: image232.wmf]sab

12

1


	
[image: image233.wmf])

(

2

1

2

6

1

b

b

sa

+



	[image: image234.jpg]



	
[image: image235.wmf]sab

3

1


	
[image: image236.wmf]sab

4

1


	
[image: image237.wmf]sab

5

1


	
[image: image238.wmf]sab

10

3


	
[image: image239.wmf]sab

5

1


	
[image: image240.wmf])

(

2

1

3

12

1

b

b

sa

+



	[image: image241.jpg]



	
[image: image242.wmf]sab

3

1


	
[image: image243.wmf]sab

12

1


	
[image: image244.wmf]sab

5

1


	
[image: image245.wmf]sab

15

2


	
[image: image246.wmf]sab

30

1


	
[image: image247.wmf])

(

2

1

3

12

1

b

b

sa

+



	[image: image248.jpg]



	
[image: image249.wmf])

(

2

1

2

1

a

a

sb

+


	
[image: image250.wmf])

(

2

1

2

6

1

a

a

sb

+


	
[image: image251.wmf])

(

2

1

3

1

a

a

sb

+


	
[image: image252.wmf])

(

2

1

5

3

12

1

a

a

sb

+

+


	
[image: image253.wmf])

(

2

1

3

12

1

a

a

sb

+

+


	
[image: image254.wmf])

(

2

2

1

2

2

1

1

1

2

2

6

1

b

a

b

a

b

a

b

a

s

+

+

+

+

+

+




_1333448910.unknown

_1333476918.unknown

_1333537473.unknown

_1333602355.unknown

_1333616933.unknown

_1333621283.unknown

_1333621394.unknown

_1395742243.unknown

_1427816536.unknown

_1334420926.unknown

_1334430588.unknown

_1333622195.unknown

_1333625094.unknown

_1333634333.unknown

_1333637943.unknown

_1333675409.unknown

_1333691161.unknown

_1333846815.unknown

_1333852979.unknown

_1333853637.unknown

_1333854692.unknown

_1333846991.unknown

_1333692337.unknown

_1333726134.unknown

_1333727818.unknown

_1333727890.unknown

_1333726446.unknown

_1333727785.unknown

_1333726101.unknown

_1333725541.unknown

_1333691318.unknown

_1333691589.unknown

_1333691183.unknown

_1333689541.unknown

_1333690440.unknown

_1333690928.unknown

_1333690158.unknown

_1333687810.unknown

_1333688216.unknown

_1333689503.unknown

_1333681463.unknown

_1333686321.unknown

_1333687070.unknown

_1333676797.unknown

_1333641929.unknown

_1333670981.unknown

_1333672962.unknown

_1333674871.unknown

_1333671956.unknown

_1333639287.unknown

_1333641816.unknown

_1333635438.unknown

_1333637665.unknown

_1333637709.unknown

_1333634576.unknown

_1333635409.unknown

_1333634425.unknown

_1333625298.unknown

_1333632961.unknown

_1333625222.unknown

_1333622216.unknown

_1333624994.unknown

_1333625035.unknown

_1333623699.unknown

_1333623846.unknown

_1333622045.unknown

_1333622054.unknown

_1333621951.unknown

_1333621980.unknown

_1333621794.unknown

_1333621362.unknown

_1333621385.unknown

_1333621356.unknown

_1333617401.unknown

_1333617440.unknown

_1333617447.unknown

_1333617013.unknown

_1333617028.unknown

_1333616889.unknown

_1333616902.unknown

_1333603967.unknown

_1333603980.unknown

_1333602516.unknown

_1333559908.unknown

_1333602243.unknown

_1333602337.unknown

_1333594103.unknown

_1333598512.unknown

_1333598491.unknown

_1333559917.unknown

_1333539035.unknown

_1333555811.unknown

_1333557572.unknown

_1333555432.unknown

_1333538464.unknown

_1333538566.unknown

_1333537754.unknown

_1333480680.unknown

_1333536893.unknown

_1333536914.unknown

_1333535784.unknown

_1333535926.unknown

_1333480964.unknown

_1333480205.unknown

_1333480365.unknown

_1333477062.unknown

_1333470862.unknown

_1333472221.unknown

_1333472956.unknown

_1333475606.unknown

_1333475753.unknown

_1333473181.unknown

_1333472784.unknown

_1333471234.unknown

_1333471479.unknown

_1333452102.unknown

_1333454556.unknown

_1333467400.unknown

_1333470248.unknown

_1333454667.unknown

_1333467369.unknown

_1333451636.unknown

_1333450487.unknown

_1332485771.unknown

_1332486063.unknown

_1332486214.unknown

_1332486294.unknown

_1332486406.unknown

_1332486488.unknown

_1332486525.unknown

_1332486939.unknown

_1332486505.unknown

_1332486427.unknown

_1332486318.unknown

_1332486329.unknown

_1332486307.unknown

_1332486246.unknown

_1332486282.unknown

_1332486227.unknown

_1332486138.unknown

_1332486193.unknown

_1332486201.unknown

_1332486153.unknown

_1332486119.unknown

_1332486130.unknown

_1332486105.unknown

_1332485974.unknown

_1332486034.unknown

_1332486047.unknown

_1332486021.unknown

_1332485942.unknown

_1332485960.unknown

_1332485914.unknown

_1332485629.unknown

_1332485715.unknown

_1332485739.unknown

_1332485758.unknown

_1332485724.unknown

_1332485654.unknown

_1332485668.unknown

_1332485640.unknown

_1332485429.unknown

_1332485495.unknown

_1332485611.unknown

_1332485277.unknown

_1332485317.unknown

_1332485352.unknown

_1332485263.unknown

